Abstract. This paper deals with an approximative solution in the analytical form of some second order linear differential equation with time depend parameters. The analytic solution is compared with the numerical solution obtained by Runge-Kutta method and the conditions of the convergence of this analytical method are discussed.
Introduction
Time-periodic modulation of system parameters may lead to resonances, instabilities and some pattern formation. The simplest system exhibiting parametric resonances is the harmonic oscillator with a frequency that varies periodically with time. The equation of motion of a simple harmonic oscillator whose frequency is modulated by a time-dependent zero-average perturbation ( ) is
where is the displacement and is the natural frequency of the oscillator. This equation of motion can be solved with a friction term. Unlike a forced harmonic oscillator, the equation (1) has a fixed point at x = 0 regardless of the type of modulation. When the modulation is absent, the fixed point is neutrally stable. That is, near x = 0 the displacement neither grows without bound nor decays.
However, in the modulation case the fixed point may be unstable for certain temporal modulations. It is interesting that even linear oscillator with a modulated frequency is a "nonlinear problem" because the modulation occurs in a system parameter and is thus multiplicative (see [1, 2] ). An example of unstable mode of oscillation system with its phase portrait can be seen in Figure 1 . In most general form, the equation of motion (1) is called Hill's equation
in which functions ( ) and ( ) are continuous and have a common period . If the modulation is specified to be cosinusoidal, the equation (2) is called the Mathieu equation
The solution of the Mathieu equation or the solution of some nonlinear equation may be find by using general asymptotic methods for sufficiently small parameter , . Many interesting physical phenomena are described by general differential equations with nonlinear or time dependent terms
where ( ) is a real function and is a small parameter. If then the solution of the previous equation has a form
where the amplitude and the phase are constants. We suppose the perturbation solution for in the form of an asymptotic series [4] ( ) ( ) (
where ( ) ( ) ( ) ( ) are unknown functions. Another asymptotic method is well known as a WKB-method, or Wentzel-Kramers-Brillouin method (see [5] ) for the equation with a large parameter , that is,
2 Asymptotic solution
Now we consider a second order differential equation with a friction term and with a fast time periodic modulation, that is, the parameter is sufficiently large
( )
where , are parameters of the oscillation system. Now we will use the basic idea from the previous section and from the paper [6] . If (with regard to the initial condition (9)), the solution has an exact periodic form with damping
where . For we assume the solution of (8) as a harmonic modulation of the solution (10)
where are unknown constant parameters (not functions) and the parameter is sufficiently small, that means,
. From (11) we have According to (16), from the previous condition we have for the second unknown parameter the quadratic equation (18) The root of this equation ( ) has the following form
The relation (19) represents a condition of applicability of the main approximative method. It is desirable that the parameter is sufficiently small, that is, if . From (15) we have a residual term
and we suppose that the residuum is sufficiently small ( ). The validity of this assumption is verified by numerical experiments. 
Conclusion
The equation of motion (8) of a damped harmonic oscillator whose frequency is modulated by a time-dependent zero-average perturbation was investigated. An approximative solution
√ for a fast time periodic modulation (if is sufficiently large then the parameter is sufficiently small, that is, ) was obtained. This obtained asymptotic solution was compared with the numerical solution gained by the Runge-Kutta method.
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